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ABSTRACT 
A simple proof is given of the facts that the infinitesimal generator of the heat semigroup and 
the Poisson semigroup are scalar operators in LP(lR”), 1 <p< m, n>l, if and only if, p=2. We 
exploit the fact that these semigroups consist of Fourier p-multiplier operators in the right-half 
plane which cannot be extended to a group of p-multiplier operators at the boundary Re(z) = 0 if 
Pf2. 
1. INTRODUCTION 
Spectral operators of scalar-type (briefly, scalar operators), introduced by N. 
Dunford, are a generalization to Banach spaces of normal operators in Hilbert 
space. An appealing aspect of this class of operators is the extensive functional 
calculus that they admit. In the monograph [2] it is shown that a large class of 
operators in L2-spaces are spectral operators. Many such operators have 
natural analogues in the LP-setting where they remain formally symmetric in 
the sense that the adjoint operator (acting in Lq where p-l +q-’ = 1) is the 
“same operator” as the one acting in L p. A typical example is the Laplace 
operator Cy=, a2/ax/ in Lp(lRn), 1 <p< 00. By analogy with the L2-case it may 
be expected that such operators are scalar operators. Unfortunately, this is 
rarely the case. In general, it is usually necessary for the operator to satisfy 
additional criteria in order to be scalar. 
In the article [8] a criterion was given characterizing generators of certain 
analytic semigroups as (unbounded) scalar operators with positive spectrum: a 
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necessary condition is that the semigroup be uniformly bounded in the right- 
half plane .H+ = {z E C;Re(z)>O). Such a (simple) necessary condition can 
sometimes be effectively used to show that generators of certain analytic 
semigroups in YZ’+ which can be extended to the boundary of tit (i.e. ZE C 
such that Re(z) =0) are not scalar operators. For example, if { T,;zE%+} is 
the Riemann-Liouville semigroup in Lp(O, l), 1 <p< 03 (e.g. [5; Section 
23.16]), then it is known that {T,] has an extension to a “boundary group” at 
Re(z) = 0, [7]. In this case, it can be explicitly calculated that 
[5; p. 6651. Accordingly, { TZ;Re(z)~O} is not uniformly bounded and so the 
generator A of {T,} is not a scalar operator (this can also be deduced from the 
fact that o(A) =@, [S; p. 6641). Unfortunately, such an example is rather 
special. It is usually difficult to compute jlT,l] precisely. Rather, one only has 
estimates of the form IIT,ll sMz, ZE%+. Even though sup{M,;z~X+) may 
be infinite it cannot be concluded directly that { T,; Re(z) 2 0} is unbounded. 
To deduce the desired contradiction it is often necessary to argue slightly dif- 
ferently. 
In this note we wish to show that the “unboundedness criterion” of {T,} 
can be used to show that two classical infinitesimal generators, namely those 
of the heat semigroup and the Poisson semigroup in Lp(lR”), 1 <p<m with 
p f2, though formally symmetric, are not scalar operators. The idea is a simple 
one: such semigroups consist of Fourier LP-multiplier operators and hence, if 
they were uniformly bounded in .X?+ (a consequence of their generator being 
a scalar operator), then it would follow that the “boundary group” corres- 
ponding to Re(z) = 0 also consists of Fourier LP-multiplier operators. It will be 
shown that this is not the case. 
2. THE HEAT SEMIGROUP 
Let 1 <p< 00, n be a positive integer and d,,, = Cy=, a2/dx,? denote the 
Laplace operator in Lp(fR”) with domain 
C@(d,.)= {f~‘p(,‘);dp,nfexists in the weak sense and is in Lp(B?“)}. 
It is known that ~@(n,.) coincides with the Sobolev space W2~p(iR”) and, if 
1 <p52, then also 
CB (Ap, .) = { fE Lp(lR”); - I[ I *f(t) = g(r) for some g E Lp(lR”)} , 
where I . I denotes the usual Euclidean norm in fR” and : denotes the Fourier 
transform. In this case d,, f = g, for each f e %, (A,,), where g is the (unique) 
element of Lp(R”) satisfying g(r) = - I[l”f(~). It is known that d,, is a 
closed, densely defined operator (with spectrum &I,,) = (- 03,0]) which 
generates an analytic semigroup { T,; Re(z) > 0} in LP(fF?) via convolution with 
the heat kernel 
1+~,(24) = (472~))“‘~ exp( - I u I 2/4z), UE rn”. 
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That is, for a.e. XE R”, 
(T,f)(x) = s f(u -x) WZ@)& f E LqR”). 
k” 
Since I,u~EL~(R”), for Re(z)>O, the operator T, is a Fourier LP-multiplier 
operator: it corresponds to the p-multiplier 
9,: w++ exp(-zlw12), WEIR”. 
In particular, if II/ . IllAn denotes the p-multiplier norm (for the group R”) it 
follows that 
for 1 arg(z) / < $r, where I/ T, lip, n denotes the operator norm of T, considered in 
Lq?). 
Suppose that A,, is a scalar operator; for the definition and properties of 
such operators we refer to [2]. Let 33 denote the Bore1 subsets of the complex 
plane C and, for a Banach space X, let B(X) denote the space of all bounded 
linear operators of X into itself. Then there exists a spectral measure P: Sl -+ 
+ B(L”(lR”)), with support a(A,,) = (- 03, 01, such that 
A hn= i idP(ri). 
-m 
Since A H exp(zl), A 5 0, is a bounded measurable function whenever Re(z) 10, 
it follows from the functional calculus for scalar operators that 
S,= i exp(zh)dP(h) 
-cc 
is an element of B(LP(lR”)), for each ZE%‘, and that 
(jSZ1~P,.14Ksup{ lexp(zA)l;A50} =4K, 
for each ZE.%‘, where 
K=s~P{IIP(E)I/,.;EE~~)<~. 
From the theory of 6$-semigroups it is know that 
lim (I- tm-’ Ap,n)-m = T,, t>o, 
m-m 
where the limit exists in the strong operator topology. Since 
sup{(l-tAm-‘)~*;~10}11, 
for every m= 1,2, . . . . and t>O, and 
lim (1 -thr~‘)-m=exp(-At), ASO, 
m-m 
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it follows from the Dominated Convergence Theorem for vector measures, the 
o-additivity of P (with respect to the strong operator topology) and the 
functional calculus for scalar operators that 
lim (I- trn-‘A,,)-” = i exp(lt)dP@) = S,, 
m+m -m 
for every t> 0, where again the limit exists in the strong operator topology. Ac- 
cordingly, TI = S,, for each t > 0. But, {T,; Z?e(z) > 0} is an analytic semigroup 
and, for each f eLP(lRn), it can be shown that z Y SJ, ZEG@?+, is also analytic 
(using the Dominated Convergence Theorem for the LP(R”)-valued measure 
EC* P(E)f, EE .%‘). Accordingly, by analytic continuation 
T,=s,, ZE%+, 
from which it follows that 
~~P~ll/3zIllp,n=II~Ilp,n=ll~tll~,n~~~~+>~4~~~~ 
Fix y E IR and let z(m) = m-’ - iy, for m = 1,2, . . . . Then the sequence of p- 
multipliers { @z(mJ}~ =l converges pointwise on R” to the bounded function 
(1) ww exp(0Jw12), WEIR”, 
and satisfies 
sup{ Ill Qz(mj Illp,n; m = LZ . . . > < 03. 
Accordingly, as shown in Lemma 1.3 of [14], (1) is a p-multiplier in IR” (for 
every y E R). For p#2 this is known not to be the case [6]. This contradiction 
establishes the following result. 
PROPOSITION 1. Let n be a positive integer. Zf 1 <p< 03 andpf2, then A,, 
is not a scalar-type spectral operator in LP(fR”). 
REMARKS. (1) An alternative proof of Proposition 1, based on a Fuglede type 
result for interwining of unbounded spectral operators, is given in [l]. The 
proof given there is based on the fact that if f e FT2(R”, R) and there exist 
real numbers t, -+ 00 such that each function Q,(X) = e”“f(x), XE R”, is a p- 
multiplier and {Q,} is uniformly bounded in the p-multiplier norm, then 
f(x) = a0 + CT_, ~jX,, x E R”, for suitable real numbers a;, 0 <jr n. The proof 
given here rests simply on the fact that (1) is not a p-multiplier if p f2, [6]. 
(2) For the case n = 1 other proofs of Proposition 1 can be found in [lo, 111. 
However, the arguments given there seem to be specific to n = 1. 
(3) Let n be a positive integer. It is shown in [4] that the point spectrum of 
A p,n is empty if 1 <p< 2n/(n - 1) and is equal to the entire interval (-w,O) if 
p> 2n/(n - 1). Since the adjoint of a scalar operator in a reflexive Banach space 
is also a scalar operator and scalar operators have empty residual spectrum 
(A EC belongs to the residual spectrum of an operator Tiff T-AZ is injective 
and its range is not dense) it follows immediately (for n L 2) that AD,, is not a 
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scalar operator for p $ [2 - 2/(n + l), 2 + 2/(n - l)]. Unfortunately this obser- 
vation gives no information for p E [2 - 2/(n + l), 2 + 2/(n - l)] or when n = 1. 
3. THE POISSON SEMIGROUP 
Let 1 <p< 00, n be a positive integer and c, be the constant as in [ 13; p. 611. 
For Re(z) > 0 define 
~,(u)=c,z(zz+ IU12)-(n+1)‘2, UEIR”. 
Then P~EL’(IR”), for every ZE%+, and convolution with the Poisson kernel 
{v)~; Re(z) > 0) generates an analytic semigroup { Uz; z E,%‘}. That is, for a.e. 
XE IR”, 
(U&f)(x) = s f(u -X)V,@)dK fE LP(lR”). 
IR” 
Since rp, E L’(P) the operator U, is a Fourier LP-multiplier operator, for every 
ZE.X+: it corresponds to the p-multiplier 
I&: w-exp(-z/wl), WEIR". 
Let A,. denote the generator of the Poisson semigroup {U,; t>O} c 
cB(Lp(lR”)), in which case A,. is a closed, densely defined operator and 
o(Ap, .) = (- 00, 01. From semigroup theory it is known that 
CB(A,.) = {fELP(R”);tli~+ t-‘(u,f-f) exists in Lp(R”)} 
and, for every f E g(A,.), 
(2) AP,,if=fliF+ t-‘(U,f-f). 
LEMMA 1. Let n be a positive integer, 1 <ps2 and 
~={f~LP(RR”);-~~lf(O forsome gELp(lRn)). 
Then V= WA,,,) and, for each fe WA,,), we have A,,f=g where 
g E Lp(R”) satisfies S(c) = - 15 if(<). 
PROOF. If f E g(A,,), then it follows from (2) and continuity of the Fourier 
transform map : : Lp(R”) + Lq(lR”), where p-l + 4-l = 1, that 
(Ap,.f)-=Iliy+ t-‘([U,f]--f^)= Em t-‘(e-‘l.lf-f); 
t-o+ 
the limit exists in Lq(lR”). Since 
lim t-‘(e-‘I++- l)=- IwI, WEIR”, 
t-o+ 
it follows that fe V and (Ap,nf)-(c)= - I<ij’(r). 
To establish the reverse inclusion let A denote the operator in Lp(lR”) with 
domain g(A) = V defined by Af = g where, given f E V, g ELP(R”) is the uni- 
que element such that g(t) = - It If(r). It was just shown that !S(Ap,,) c &3(A) 
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and the restriction of A to g(A,,) is A,.. In particular, ki is densely defined. 
Since 1 E @(A, ,,) and A, n is closed and densely defined it follows that I-A,, 
rnaps g(A,.) bijectively onto Lp(lR”). So, if fe 68(A) there exists h E 9(A,.) 
such that (I-A)f= (I-A,,)h. But, h E g(A,,) implies that A, ,,h =a/~ and 
so (I-A)f= (I- A)h. That is, (I- A)(f- h) =O. By definition of k in terms of 
the Fourier transform it follows that 
r- (lf lrl)(~(tr)-h^(r))~ 
defined for a.e. <E IR”, is the zero element of L4(1R”) and hence, _?=h^ in 
Lq(E?“). That is, f= h E g((A,.). q 
PROPOSITION 2. Let n be a positive integer. Zf 1 <p < 03 and p # 2, then A,, 
is not a scalar-type spectral operator in Lp(P). 
PROOF. Assume 1 <p<2. By definition of positive integral powers of un- 
bounded operators we have 
WA;,,,) = if E LPWhAp,,f E WAp,,)). 
It follows from Lemma 1 that 
~(A~,.)={f~LP(IR”);lr12~(r)=g(r) for some ~EL~(IR”)} 
and, for each f E @(A&), Ai,n f =g where ge LP(P) satisfies g(r) = i~l’j’(~). 
Recalling (for 1 <p12) the definition of d,, and ~3(0,,) in terms of the 
Fourier transform it follows that A,& = -A,. with equality of domains. Since 
a polynomial function of a scalar operator is also a scalar operator, Proposition 
1 implies that A,. is not a scalar operator. The case 2 <p < co follows from 
the facts that A,, is formally symmetric and the adjoint of a scalar operator 
in a reflexive Banach space is also a scalar operator. 0 
It is (perhaps) also worthwhile to give a direct proof of Proposition 2 because 
it provides a nice illustration of applying stationary phase analysis (c.f. Lemma 
2) to establish that certain bounded functions are not p-multipliers; see also 
[ 121, for example. 
So, to establish Proposition 2 via this method suppose that A,. is a scalar 
operator. Then there is a spectral measure Q: CB-+B(Lp(IR”)) such that 
A,,= ! ldQ(A). 
-m 
Let 1 <p<2. Arguing along the lines of the proof of Proposition 1 it follows 
that the operators 
W,= ! exp(zA)dQ(A), ZEX+, 
-CC 
defined via the functional calculus for scalar operators are elements of 
13(Lp(R”)), that z+ W, is analytic in Cre+ and that 
suP{/lW,llp,.;zE~+}<~. 
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Again arguing as in the proof of Proposition 1 it can be shown that IV, is 
precisely the Fourier LP-multiplier operator U,, for each t > 0, and hence (by 
analytic continuation) W, = U,, for every z ES?+. In particular, 
sup{ II/& 1llp.n = II Uzllp,n = II w,lIp,n; z eG@+ > < 03. 
Fix t E R and let z(m) = m-’ - it, for each m = 1,2, . . . . Then the sequence of 
p-multipliers { @,(,,},“= 1 converges pointwise on R” to the bounded function 
(3) ~~exp(itIwl), WEFT, 
and satisfies 
It follows that (3) is a p-multiplier in R” (for every t E R) which contradicts the 
following fact (for n 2 2), thereby completing the proof. 
LEMMA 2. Let n L 2 be an integer. If t E IY? \ {0}, then (3) is not a p-multiplier 
in K?” for any 1 <p < m other than p = 2. 
The proof of Lemma 2 uses the following result from stationary phase 
analysis; see [9; p. 411. 
LEMMA 3. Let n be a positive integer, P: fR* -+ R be a Cm-function and u be 
a rapidly decreasing function such that il has compact support and 
(4) supp(ti) fl {XE IR”; det(a2P/Jxjaxk) = 0) 
is empty. For t E IR define 
ul(x) = (2x)-“‘* j exp(i((x, w> - tP(w)))ti(w)dw, XE R”, 
R” 
where (x, W> = CJ=, Xj Wj. Then there exists a constant c(u) such that 
l%(x)\ NU)ltl-“‘*, XE rn”, 
for all jtl>l. 
PROOF OF LEMMA 2. It suffices to consider 2 <p < 03. Let R > 1 and u be a 
function as in Lemma 3 such that IIu(Ip> 0 and supp(ti) c {XE W’; /x/z R}. 
Since p>2 it follows that 
(5) /I~tI/::~ Il~tll~--“ll~,ll:. 
Choose a real-valued v, E C”(R”) such that p = 0 in some (small) ball around 
zero and p(x) = 1, for all 1x1 > R. Let P(x) = 1x1 q(x), for each XE R”, in which 
case P is C” and (4) is satisfied provided nz2. Now, for 1 t I > 1 Lemma 3 
implies that I/u1 /I m I c(u) It / -“* and so (5) implies that 
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Since I/ut II2 = (1~ iI2 (by Parseval’s formula) it follows that 
IIU&IC(U,p)It/“(P ‘-l/2), It/>17 
where c(u,p) = I/uI~~‘J’c(u)(~-~)‘~. 
Now, for u and P as chosen above we have 
uAx)=(2rr)-“‘* J exp(i((x, w> -tlwl)ii(w)dw, 
R” 
for each XE R”. Noting that 
Cl(r) = eit r1 C(r), r E R”, 
it can be argued as in the proof of Lemma 1.3 in [6] that if (3) is a p-multiplier 
for some t # 0, then it is a p-multiplier for all t E R and the p-multiplier norms 
are uniformly bounded in 1. So, there is K(U) > 0 such that 
I/$+‘+)Ib,lip, tern. 
It follows that 
~~u~Ip(K(U)C(U,P)lt~n’p ‘-l’*), ItI > 1, 
which is a contradiction as 11 u lip > 0 and (p-l - l/2) < 0. Accordingly, (3) is not 
a p-multiplier whenever t #O. 0 
REMARK (4). The condition (4) is never satisfied for the specified P in the 
case of n = 1 since 
This is not surprising since, in R’, the functions (3) are p-multipliers for every 
1 <p< 03. This is seen from the identities 
valid for every t E R. So, for n = 1, the “boundary group” for U, at Re(z) = 0 
is uniformly bounded in L”(R), 1 <p< 00. However, the first proof of Prop- 
osition 2 is still valid and so A, 1 is not a scalar operator in Lp(R) whenever 
p22. 
Another proof of Proposition 2 is given in [l]; it is based (indirectly) on the 
fact [3] that the characteristic function of the unit ball in R”, n 2 2, is not a p- 
multiplier (pf2). However, this is a rather deep result. The proof given here 
rests on the more easily verifiable fact that (3) is not a p-multiplier (p# 2, n z 2). 
ACKNOWLEDGEMENT 
I would like to thank Stefan Maurer for indicating the proof of Lemma 2 and 
for valuable discussions about multipliers in general. 
102 
REFERENCES 
1. Albrecht E. and Ricker W.J. - Local spectral properties of constant coefficient differential 
operators in LD(IR”); preprint. 
2. Dunford N. and Schwartz J.T. - Linear operators, Part III: Spectral operators, Wiley- 
Interscience, New York (1971). 
3. Fefferman C. - The multiplier problem for the ball, Ann. Math. 94, 330-336 (1971). 
4. Greiner G. - Remarks concerning the eigenvalues of the Laplace operator, Semesterbericht 
Funktional-analysis Tiibingen, Wintersemester, 13, 97-105 (1987/88). 
5. Hille E. and Phillips R.S. - Functional analysis and semigroups, Amer. Math. Sot. Colloq. 
Publ., Vol. 31, Providence, R.I. (1957). 
6. Hormander L. - Estimates for translation invariant operators in LP spaces, Acta Math., 104, 
93-140 (1960). 
7. Kalisch G.K. - On fractional integrals of pure imaginary order in L,, Proc. Amer. Math. 
Sot., 18, 136-139 (1967). 
8. de Laubenfels R. - Scalar-type spectral operators and holomorphic semigroups, Semigroup 
Forum, 33, 257-263 (1986). 
9. Reed M. and Simon B. - Methods of Mathematical Physics III: Scattering Theory, Academic 
Press, New York (1979). 
10. Ricker W.J. - Functional calculi for the Laplace operator in LP(lR), Miniconf. on Harmonic 
Analysis (Canberra, 1987), Proc. Centre Math. Anal. (Australian National Univ.), 15, 
242-254 (1987). 
11. Ricker W.J. - Spectral properties of the Laplace operator in Lo(R), Osaka J. Math., 25, 
399-410 (1988). 
12. Schonbek T.P. - LP multipliers; a new proof of an old theorem, Proc. Amer. Math. Sot., 
102, 361-364 (1988). 
13. Stein E.M. - Singular integrals and differentiability properties of functions, Princeton 
University Press, Princeton (1970). 
14. Gaudry G.I. and Ricker W. - Spectral properties of LP translations, J. Operator Theory, 14, 
87-111 (1985). 
103 
